Abstract. We give an example of a set Ω ⊂ R 12 which is a finite union of unit cubes, such that L 2 (Ω) admits an orthonormal basis of exponentials { 1 |Ω| 1/2 e 2πiξ j ·x : ξ j ∈ Λ} for some discrete set Λ ⊂ R 12 , but which does not tile R 12 by translations. This answers (one direction of) a conjecture of Fuglede [1] in the negative, at least in 12 and higher dimensions.
Introduction
Let Ω be a domain in R n , i.e., Ω is a Lebesgue measurable subset of R n with finite non-zero Lebesgue measure. We say that a set Λ ⊂ R n is a spectrum of Ω if
is an orthonormal basis of L 2 (Ω). In this paper we use |Ω| to denote the Lebesgue measure of a set Ω, and #A to denote the cardinality of a finite set A.
Conjecture 1.1. [1]
A domain Ω admits a spectrum if and only if it is possible to tile R n by a family of translates {t + Ω : t ∈ Λ} of Ω (ignoring sets of measure zero).
Fuglede [1] proved this conjecture (also known as the spectral set conjecture) under the additional assumption that the tiling set or the spectrum are lattice subsets of R n . This conjecture arose from the study of commuting self-adjoint extensions of the partial derivative operators ∂ ∂xj , and has attracted much recent interest, see the references given in the bibliography for a partial list of papers relating to this conjecture, and [8] for a survey.
Our main result here is that Fuglede's conjecture is false in sufficiently high dimension. The counterexample is elementary -an explicit finite union of unit cubes -and is based on the existence of Hadamard matrices (i.e. orthogonal matrices whose entries are all ±1) of order not equal to a power of 2; the first such matrix occurs at dimension 12, which explains the presence of that dimension in our result. Such Hadamard matrices quickly lead to a counterexample to Fuglede's conjecture in the finite group Z 12 2 , and one can use standard transference techniques to move this counterexample to Z 12 and thence to R 12 . It may be possible to replace 12 with a lower dimension by varying the method, e.g. using 3-groups instead of 2-groups.
An easy descent argument shows that once one has failure of Fuglede's conjecture in 12 dimensions, one also has failure in all higher dimensions as well. However, our arguments do not preclude the possibility that the conjecture may still be true in lower dimensions, and in particular in one dimension; see for instance [13] for some evidence in favor of the one-dimensional conjecture. For instance, the results of [13] show that Fuglede's conjecture is true for cyclic 2-groups Z 2 N , so one cannot directly replicate the above counterexample in one dimension.
It may still be true that Fuglede's conjecture still holds in higher dimensions under more restrictive assumptions on the domain Ω 2 , for instance if one enforces convexity (our example is highly non-convex, although it does not fall into the class of non-convex objects studied on [10] , or the near-cubic objects studied in [9] ).
We do not address the issue as to whether the converse direction of Fuglede's conjecture might still hold; in other words, whether every set which tiles R n by translations admits a spectrum. Again, it seems that one should first look at 2-groups to determine the truth or falsity of this conjecture. We begin with a finite version of Theorem 1.2, in the finite group Z 12 2 , where
ξ j x j and in particular we can define the quantity e 2πi(ξ·x)/2 , which always takes values in {−1, +1}.
2 , but such that Ω 0 does not tile Z 12 2 by translations.
Proof Let e 1 , . . . , e 12 be the standard basis for Z 12 2 , thus e j is the 12-tuple which equals 1 in the j th entry and 0 everywhere else. We shall take Ω 0 to simply be this 12-element set: 
One can verify that all the rows of A are orthogonal to each other (this is part of what it means for a matrix to be Hadamard). We then define the set of 12 frequencies Λ 0 := {ξ 1 , . . . , ξ 12 } by requiring that the 12-dimensional vector (e 2πi(ej ·ξ k )/2 ) 12 j=1 matches the k th row of H, thus for instance It is then clear that the twelve exponential functions
form an orthonormal basis of l 2 (Ω) as claimed.
The above simple example may be compared with the example used to disprove Tijdeman's conjecture in [15] , or to disprove Keller's conjecture in [14] ; the three counterexamples are not directly related to each other, but they do share a similar flavor, in that the combinatorics of tiling and orthogonality in "higher-dimensional" situations may behave quite differently from what one might intuitively extrapolate from "low-dimensional" examples. These three examples also show that the main obstructions to tiling or spectral conjectures in Euclidean spaces in fact come from finite abelian groups of relatively small order.
The discrete model: failure of Fuglede in Z 12
We now modify the construction in the previous section to prove a discrete version of Theorem . Unfortunately this has the problem of making Ω 0 infinite; however this can be rectified by truncating Ω 0 at a sufficiently large scale, and noting that boundary effects of the truncation will be negligible if the scale is large enough.
We turn to the details. Let Ω 0 ⊂ Z We define Ω 1 ⊂ Z 12 to be the set
where we identify Z 12 2 with the set {0, 1} 12 ⊂ Z 12 in the obvious (non-homomorphic!) manner, and
Observe that Ω 1 is a finite set in [0, 2M ) 12 consisting of 12M 12 elements. We define the spectrum Λ 1 ⊂ R 12 /Z 12 in a similar fashion by
where the homomorphism ξ → We now verify that the set of exponentials { 1 (#Ω1) 1/2 e 2πiξj ·x : ξ j ∈ Λ 1 } form an orthonormal basis of l 2 (Ω 1 ). The normalization property is obvious. Since the number of exponentials equals the dimension of l 2 (Ω 1 ), it will suffice to prove orthogonality, i.e. that x∈Ω0 e 2πi(ξ−ξ
We write ξ =
we observe that at least one of l = l ′ or ξ 0 = ξ ′ 0 must hold. We similarly write x = 2k + x 0 where k ranges over [0, M )
12 and x 0 ranges over Ω 0 . We can then rewrite the left-hand side of (1) as
We may expand this as
since the dot product of which vanishes since the frequencies in Λ 0 were chosen to give an orthonormal basis of l 2 (Ω 0 ). This proves the existence of a spectrum.
We now show that the set Ω 1 does not tile Z 12 , if L, M, N were chosen sufficiently large; this will be a volume packing argument that relies once again on the fact that 12 does not go evenly into 2 12 . Suppose for contradiction that we could find a subset Σ ⊂ Z 12 such that the translates {t + Ω 1 : t ∈ Σ} tiled Z 12 .
The idea is to exploit the intuitive observation that Ω 1 has local density either equal to 0 or to Let A denote the annulus
this A represents the boundary effects of our restriction of Ω 1 to [0, M ) 12 . We shall now work in a region of the tiling where A can be ignored. Observe that A has cardinality #A = O(M 11 L). In particular, we have
Thus, if M is chosen sufficiently large with respect to L, we see that
12 ,
and thus we may find a point x 0 ∈ [
3 ) 12 which is not contained in t + A for any t ∈ Σ M . defined for all t ∈ Σ. Since the sets {t + Ω 1 : t ∈ Σ} tile Z 12 , we must have
2 Another approach, which is basically equivalent to this one, is to compute the convolution 
